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Quantum metric fluctuations and Hawking radiation
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In this Rapid Communication we study the gravitational interactions between outgoing configurations giving
rise to Hawking radiation and in-falling configurations. We exploit the fact that the fluctuations of the in-falling
flux of energy across the horizon do not vanish in the vacuum state. This leads to interactions with outgoing
quanta which grow near the horizon and prevent the appearance of trans-Planckian frequencies. These inter-
actions express themselves in terms of metric fluctuations and lead to a description of Hawking radiation which
is similar to that obtained from sound propagation in condensed matter models.
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In his original derivation@1#, Hawking assumed that grav
ity can be treated classically; i.e. the metric was determi
by the energy of the collapsing star but was unaffected by
quantum processes under examination. In this approxi
tion, the radiation field satisfies a linear equation~in the ab-
sence of matter interactions! and the in-falling and outgoing
field configurations are completely uncorrelated near
black hole horizon. In fact the pairs of quanta generated
its formation are composed of two outgoing quanta, one
each side of it. The external ones form the asymptotic fl
whereas their partners fall towards the singularity atr 50.
Upon tracing over these inner configurations one gets
outgoing incoherent flux described by a thermal density m
trix.

There is nevertheless a precise relationship between
expectation values of the in-falling and the outgoing ene
fluxes. Indeed, the asymptotic thermal flux is accompan
by a negative in-falling flux̂Tvv& which has, on the horizon
exactly the opposite value. Moreover^Tvv& drives black hole
evaporation according to

dM

dv
5^Tvv&ur 5r horizon52M.2

1

M2
. ~1!

We work with Planck units:c5\5M Planck51. v5t1r * is
the advanced null time andr * 5r 12M ln(r/2M21) is the
tortoise coordinate.M (v) is the time dependent mass a
pearing in the Vaidya metric

ds252S 12
2M

r Ddv212dvdr1r 2~du21sin2 udf2!

~2!

which describes the near horizon geome
(ur 22M u!2M ) of an evaporating black hole@2,3#.

This semi-classical description would be perfectly valid
another feature of black hole physics wasn’t present, nam
the field configurations giving rise to Hawking quanta po
sess arbitrary high~trans-Planckian! frequencies near the ho
rizon: When measured by in-falling observers atr, the fre-
quency grows as

v}
l

122M /r
~3!
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wherel is the asymptotic energy of the quantum. This im
plies that a wave packet centered along the null outgo
geodesic u5t2r * had a frequencyv}leku when it
emerged from the collapsing star. (k51/4M is the surface
gravity and fixes Hawking temperatureTH5k/2p.! Unlike
processes characterized by a typical energy scale, the rel
v}leku shows that black hole evaporation rests on arbitr
high frequencies.

As emphasized by ’t Hooft@4#, this implies that the gravi-
tational interactions between these configurations and
falling quanta cannot be neglected, thereby questioning
validity of the semi-classical description. In questioning th
validity, two issues should be distinguished~see Sec. 3.7 in
@3#!. First, there is the question of the low frequencyO(k)
changes which can be measured asymptotically, and sec
that of the high frequency modifications of the near horiz
physics. Since all thermo-dynamical reasonings indicate
the asymptotic properties~namely thermality governed byk
and stationarity! should be preserved, the problem is to co
ciliate their stability with the radical change of the near h
rizon physics which is needed to cure the trans-Planck
problem. Indeed, a perturbative analysis indicates that n
horizon interactions lead to recoil effects proportional tov,
which seem incompatible with the stationarity of the flux@5#.

A novel approach to this problem is provided by the an
ogy with condensed matter physics pointed out by Unruh@6#.
He noticed that sound propagation in a moving fluid obey
d’Alembertian equation which defines an acoustic met
Therefore, when the acoustic metric corresponds to that
collapsing star, thermally distributed phonons should
emitted.~The formation of an acoustic horizon occurs wh
the fluid velocity reaches the speed of sound.! However, con-
trary to photons the dispersion relation of phonons is
linear for frequencies~measured in the rest frame of th
fluid! higher than a criticalvc . Nevertheless, whenvc@k,
the asymptotic properties of Hawking phonons are un
fected@7# in spite of the fact that frequenciesv.vc which
were solicited in Hawking’s derivation are no longer ava
able.

This insensitivity suggests that something similar mig
apply to black holes. The aim of this Rapid Communicati
is to show that this is the case: The gravitational interacti
between outgoing configurations giving rise to Hawking
diation and in-falling configurations in their ground sta
©2001 The American Physical Society03-1
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lead to collective effects which dissipate the trans-Planck
modes near the horizon, but without affecting the asympt
properties of Hawking radiation. These collective effects
press themselves in terms of a stochastic ensemble of m
fluctuations. The specification of the vacuum state at e
times determines the statistical properties of this ensem
and this in turn fixes the cut-offvc ~in terms ofk) and the
frame which breaks the 2D Lorentz invariance@8,9#.

For simplicity, we shall consider onlys-waves propagat-
ing in spherically symmetric space times. The backgrou
metric results from the collapse of a null shell of massM0
which propagates alongv50 @10#. Inside the shell, forv
,0, the geometry is Minkowski and described by Eq.~2!
with M50. Outside, the metric is also static and given
Eq. ~2! with M5M0.

When studying masslesss-waves in this background, the
fall into two classes according to their support onJ 2, the
light-like past infinity. The waves in the first class have su
port only for v,0 and will be notedf2 . They propagate
inward in the flat geometry tillr 50, where they bounce of
and become outgoing configurations. This first class is it
divided in two: Forv,24M0, the reflected waves cross th
in-falling shell withr .2M0 and reach the asymptotic regio
@11#, whereas those for 0.v.24M cross it withr ,2M0
and propagate in the trapped region till the singularity. T
separating light rayvH524M0 becomes the future horizo
u5` after bouncing off atr 50. The configurations which
form the second class have support only forv.0 and are
notedf1 . They are always in-falling and cross the horiz
towards the singularity.

In the standard derivation of black hole radiation, the co
figurations for v,vH give rise to the asymptotic quanta
those forvH,v,0 to their partners@12#, whereasf1 plays
no role in the asymptotic radiation. The correlations betwe
the asymptotic quanta and their partners follow from the f
that, onJ 2 and in the vacuum, the rescaled fieldf5rx
~wherex is the 4Ds-wave! satisfies

^f~v !f~v8!&5E
0

` dv

4pv
e2 iv(v2v8)52

1

4p
lnuv2v8u.

~4!

Since this equation is valid for allv,v8 there also exists
correlations betweenf2 and f1 . However, they become
negligible for late Hawking quanta since these emerge fr
configurations which are characterized by frequenciesv
5leku@k and are localized very close tovH . This follows
from the asymptotic (ku@1) behavior of the relation be
tween the value ofu of the geodesic which originates fromv
on J 2:

V~u!2vH}e2ku. ~5!

As shown in@1#, this exponential value induces both therm
radiation at temperaturek/2p and the necessity of conside
ing trans-Planckian frequencies onJ 2. In the absence o
gravitational interactions, it also tells us thatf2 andf1 are
effectively two independent fields.
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Our aim now is to describe how the gravitational intera
tions betweenf2 andf1 modify the semi-classical descrip
tion of Hawking radiation. The generating functional of th
whole system is

Z5E Df1 Df2 Dh ei [Sg1h
(1)

1Sg1h
(2)

1Sh,g] . ~6!

In this equation,h is the change of the metric with respect
the backgroundg discussed above andSh,g is the action ofh
obtained from the Einstein-Hilbert action.Sg1h

(1) andSg1h
(2) are

the actions off1 and f2 propagating in the fluctuating
geometryg1h.

When the metric fluctuations are spherically symmetrich
is characterized by two functions ofv and r which are de-
termined by the matter stress tensor. The line element in
fluctuating metric can be written as@10#

ds25~11c!F2S 12
2M

r Ddv212dvdrG1r 2dV2
2 ~7!

whereM5M01m(v,r ). In this metric, the matter action is

Sg1h52E dvdrF]vf] rf1S 12
2M

r D ~] rf!2

2 G . ~8!

It is independent ofc, thereby showing a 2D conformal in
variance~cf. @9,11#!.

In the leading order in gravitational interactions, on
quadratic terms inh should be kept inSh,g . The Gaussian
integration overh gives

Z5E Df1 eiSg
(1)E Df2 eiSg

(2)
1 iSint ~9!

whereSint is a quadratic form of the stress tensor. It conta
self-interaction terms depending onf2 or f1 separately as
well as a cross term. In the leading order, only the lat
should be considered. Indeed, because of the 2D confo
invariance, the self-interaction terms vanish on-shell@13#.
The cross term is given by@see Eq.~8!#,

Sint5GE
0

`

drE
0

`

dv
m1~v,r !

r
~] rf2!2 ~10!

wherem1(v,r ) is the mass fluctuation driven byf1 andG
is Newton’s constant. We have introduced it in the front
m1 to more easily read the order of the interactions betw
f2 and f1 . Since on-shell (] rf2)2.(]vf2)2/(r /2M
21)2, the dominant contribution toSint is governed bym1

evaluated on the horizon:

m1~v !5m1~v,r !ur 52M5E
0

v
dv8~]v8f1!2. ~11!

In short, Eq.~10! represents thef2f1 interactions mediated
by gravity. They have already been considered in@4,15,16#.
The novelty of this Rapid Communication lies in their co
lective treatment when the state off1 is the vacuum.
3-2
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Before proceeding, let us first relate Eq.~9! to @1# and the
semi-classical treatment. Hawking’s approach is recove
by puttingGm150. Thenf2 is a free field propagating in
the background geometryg, andf1 drops out from all ma-
trix elements built with the operatorf2 . In this treatment
one finds that matrix elements such as the in-out Green fu
tion are characterized by trans-Planckian frequencies w
one of the operators approaches the horizon@12,10#.

The semiclassical treatment is obtained from Eq.~9! by
integrating overf1 and retaining only the mean̂m1(v)&
driven by the~properly subtracted@3#! expectation ofTvv
5(]vf1)2,

^Tvv~v !&ur 52M52
p

12S k

2p D 2

~12!

evaluated in the unperturbed vacuum~4!. This flux has the
opposite value of a 2D thermal flux and drives black h
evaporation according to Eq.~1!. Since one simply replace
M0 by M01G^m1& in the former treatment the matrix ele
ments off2 are hardly affected@2# by the evaporation as
long as it is slow, i.e. as long asM (v)@M Planck. Therefore,
the trans-Planckian problem stays as such in the se
classical scenario.

To solve this problem clearly requires taking into accou
the fluctuatingcharacter of the interactions betweenf2 and
f1 , which is encoded in the moments ofTvv higher than its
mean ~12!. Upon considering matrix elements off2 , the
integration overf1 in Eq. ~9! will determine the influence
functional~IF! @17# governing the effective dynamics off2 .
To perform exactly this integration is out of reach since
final state off1 will be correlated to that off2 . However,
in the lowest order inG, this entanglement can be neglecte
Indeed the back-reaction effects occurring through the m
fication of f1 are of higher order. This approximation is
common procedure both in quantum field theory where
gives the vacuum contribution~see Chap. 9 in@17#!, and in
statistical mechanics~e.g. thepolaron, Chap. 11 in@17#!. In
our case the IF gives rise to a non-local action which i
sum of terms containing (] rf2)2 and kernels given by the
Wick contractions ofTvv evaluated with Eq.~4!. The first
term is quadratic in (] rf2)2 and the kernel is the~con-
nected! two-point function

^Tvv~v !Tvv~v8!&c5
1

16p2

1

~v2v8!4
. ~13!

Using Eq.~11!, one obtains

^m1~v !m1~v8!&5
1

96p2

1

~v2v8!2

5
1

96p2E0

`

dv v cos@v~v2v8!#.

~14!

This equation gives the mean metric fluctuations driven
f1 in the unperturbed (G50) vacuum state@18#.
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Keeping only this term in the IF is equivalent to wor
with a stochastic Gaussian ensemble of metric fluctuati
@19#. Then, the conformal invariance of Eq.~8! allows us to
obtain the non-linear effects@10# induced by these fluctua
tions from the characteristics of the equation forf2 ,

2S 12
2M012Gm1~v !

r D ] rf252]vf2 . ~15!

These are the outgoing null geodesicsu(v,r ), solutions of
ds250 of Eq. ~7!. The background solution isu05v22r * .
The first order changedu5u2u0 is

du~v !uu0
52GE

v

`

dv8
m1~v8!

r ~v8!uu0
22M0

~16!

where r (v)uu0
is obtained by invertingu0(v,r )5v22r * .

The integral is dominated by the near horizon region wh
r (v)uu0

22M0.2M0ek(v2u). This dependence inkv will
tame the UV content of the metric fluctuations.

To determine the physical effects of these fluctuations,
us analyze the asymptotic plane waves representing Haw
quanta since they govern the properties of the in-out Gr
function. In the absence of metric fluctuations the pla
wavee2 ilu behaves as

e2 ilu0(v,r )5u~r 22M0!e2 ilv~r 22M0! ikl. ~17!

It vanishes forr ,2M0 and possesses an infinite number
oscillations asr→2M0 with increasing momentumpr5
2 i ] r . This is the trans-Planckian problem.

When considering the Green function obtained from E
~9!, ~10! and~13! ~and with one operator atv,r and the other
on J 1), its behavior inv,r is determined@10# by the en-
semble average waves

^e2 ilu(v,r )&.e2 ilu0(v,r )e2
l2

2 ^du(v)du(v)&. ~18!

Using Eqs.~14! and ~16!, one obtains

^du~v !uu0
du~v !uu0

&5G2E
0

`dv

3

k2v

k21v2

1

~r /2M021!2

5sL
2 1

~r /2M021!2
~19!

where the spreadsL is equal toGkAln(L/k)/3. We have
introduced the UV cut-offL to define the integral overv.
Notice thatL is a Lorentz scalar~since it is the energy of an
s-wave in its rest frame! and that its value is hardly relevan
sincesL5M5A2sL51.

The main result of Eq.~19! is thatsL is not proportional
to L even thougĥ m1

2 &.L2. This is because high frequen
cies (v@k) are damped by the integration overv8 in Eq.
~16!. The frequenciesv.k dominate in Eq.~19!.

Since^dudu& diverges asr→2M0, Eq. ~18! tells us that
the correlations between asymptotic quanta and early c
3-3
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figurations, which existed in a given background as show
Eq. ~17!, are washed out by the metric fluctuations oncer
22M0.sL.1/M0. The physical reason for this loss of co
herence is that the state off1 becomes correlated to that o
f2 @4,15#. Phenomenologically this loss can be viewed a
dissipation of outgoing waves. Then, as in condensed ma
@6,8#, it can be included in the wave equation through
non-trivial dispersion relation.

Besides the dissipation of trans-Planckian correlations,
can verify that the gravitational interactions do not affect
asymptotic properties of Hawking radiation. This is achiev
by computing the in-in Green function in the coinciden
point limit. In this limit, one sees that the shift~16! drops out
since it affectsboth points coherently. This cancellatio
guarantees that the asymptotic properties are unaffected@10#.

In conclusion, we have studied the effects induced by
gravitational interactions governed by Eq.~10!. Even though
we worked out only the lowest order (sL}G) we believe
that the following results are robust.~We see no reason fo
higher order terms to givesL50, thereby recovering trans
Planckian correlations. Indeed, when considering higher
d

t
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-
a
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gular momentum modes,s will be larger than our estimate
@16#.! ~I! When propagated backwards in time, outgoi
quanta are scattered by the metric fluctuations induced
in-falling matter fields in their vacuum state.~II ! These in-
teractions grow so strongly near the horizon that the qua
are completely scattered.~III ! The in-falling vacuum fluctua-
tions act as a reservoir of modes. This invites us to desc
the interactions in terms of stochastic metric fluctuatio
~IV ! Even though the spectrum of the latter contains all f
quencies~up to a UV cut-off!, their impact on outgoing con
figurations is governed by frequenciesv.k. ~V! The sta-
tionarity of the vacuum@i.e. the fact that Eq.~13! is a
function of v2v8 only# leads to stationary metric fluctua
tions ~14! and this, combined with the stationarity of th
background metric, gives a spreadsL , which is independent
of v.
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